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The orientation relationship between tetragonal 
zirconia precipitates with regard to elastic 
interaction energy 

D. G. JENSEN 
Department of Materials Engineering, Monash University, Wellington Road, Clayton, 
Victoria 3168, Australia 

The elastic interaction energy between tetragonal zirconia precipitates for different mutual 
orientations is considered. The results of numerical analysis of this procedure are compared 
with experimentally observed preferred orientation relationships in the ceria-magnesia- 
partially stabilized zirconia (CM-PSZ) system. Two variants appear favourable, a parallel- 
stepped precipitate configuration with precipitate centres stepped at about 20 ~ and 
orthogonal precipitates in an edge-face configuration. 

1. Introduction 
The orientation of precipitates with regard to one 
another is primarily dependent on the minimization of 
their interaction energy Ell. Perovic et al. [2] found 
precipitates tended to align preferentially either ortho- 
gonally or parallel in a rafted manner; in detail, how- 
ever, calculations showed that interaction energy 
between parallel precipitates should occur when the 
precipitates are coplanar. This does not occur in prac- 
tice, and Bhathena et al. [3] attempted to explain this 
by means of autocatalytic nucleation resulting from 
the solute gradient surrounding the precipitate. It is 
our belief that the rafted microstructure is a result of 
the more fundamental interaction energy, and we have 
embarked on a numerical analysis procedure in order 
to explain this rafting, as well as attempting to explain 
some of the other orientation relationships observed 
experimentally in partially stabilized zirconia systems. 

Transformation-toughened partially stabilized zir- 
conias take advantage of the transformation of pre- 
cipitates from the tetragonal to the monoclinic phase 
as a toughening mechanism. This transformation is 
a result of a partial relaxation of the constraint im- 
posed by the cubic matrix; this is often associated with 
the nearby propagation of a crack [4]. The trans- 
formation from tetragonal to monoclinic is accom- 
panied by a 4% volume increase, and it is this asso- 
ciated volume expansion that absorbs some of the 
energy normally used to continue the crack's propaga- 
tion. The effectiveness of this toughening mechanism, 
however, is limited to temperatures below about 
300 ~ above this temperature, the thermodynamics 
of the system are such that the tetragonal phase be- 
comes more stable, reducing the propensity for the 
precipitates to undergo a stress-induced transforma- 
tion to monoclinic. 

In order to surmount this problem, other potential 
toughening mechanisms such as crack bridging, crack 

deflection, and microcrack toughening, need to be 
invoked [5, 6]. To this end we have embarked on 
a program to develop a system with a microstructure 
that maximizes the potential toughening increment 
utilizing these other mechanisms. 

These other mechanisms depend not only on phase 
content, but also on the microstructure of the precipi- 
tates, and their mutual orientation relationships. In 
order to understand better the observed microstruc- 
ture, and to determine the potential for developing 
and controlling microstructures of different orienta- 
tion relationships, elastic interaction energies have 
been calculated to ascertain which of the orientation 
relationships are potentially energetically favorable. 

2. Experimental procedure 
Material of composition 1.25mo1% CeO> 
10.8 reel% MgO and ZrOe were attritted, spray 
dried, pressed into pellets and fired at 1700 ~ for 5 h. 
The pellets were subsequently aged for different peri- 
ods of time at 1400 ~ TEM samples, 3 mm in size, 
were prepared by dimple grinding, then ion-beam 
thinning to perforation, and application of a light 
carbon coat. 

TEM analysis was undertaken using a Philips 
EM420 microscope operated at 120 kV. Imaging con- 
ditions were set up close to the (1 0 0) direction (pre- 
cipitates in this system lie along (1 00)  type cubic 
lattice directions). 

3. Estimation of elastic interaction 
energy between tetragonal 
precipitates 

It is desired to calculate the interaction energy of two 
equally sized precipitates of distance R apart (where 
R = (c 2 + h2) 1/2, see Figs 1 and 3). 
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Figure 1 Schematic representation for the case of orthogonal pre- 
cipitates. Here c is parallel to the x-axis and h is parallel to the 
y-axis. 
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Figure 2 Standardized interaction energy versus 0 for parallel pre- 
cipitates. 0 = 0 ~ represents the coplanar case, 0 = 90 ~ is the coaxial 
case. R = (O) 2a, ([3) 2.25a, (A) 2.5a, (V) 2.75a, (~) 3a, (0) 4a, (O) 5a. 

To enable reasonable ease of calculation of interac- 
tion energies, two assumptions are made. First, it is 
assumed that  all of the strain is normal  to the habit  
plane of the precipitate; this is not  unreasonable;  for 
the system under  investigation this strain is about  two 
orders of magni tude greater than the strain parallel to 
the precipitate [7]. Second, the medium is considered 
to be elastically isotropic; once again, this is not  an 
unreasonable assumption,  as zirconia is known to be 
one of the more  elastically isotropic materials. 

Fo r  the purposes of this analysis, precipitates are 
taken to be discs of radius a (they are, in fact, ellip- 
soids) with a Burgers vector of magni tude ~t, where a is 
the strain and t is the thickness of the precipitate 
[8, 9 3 . 

3.1. Example of the calculation of 
interaction strain energy 
between orthogonal precipitates 

The interaction energy between two precipitates is 
[lO] 

E12 = fdAl~blaCY2a~ (1) 
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or, in expanded form 

___g ; ; . ( b l  xbz)(dll xdl2) 
E12 --  2r~ J J" R 

~___ ~ ( b l d l l ) ( b 2 d l 2 )  
+ 4r~ j y  R 

+ 4rr(1 - v) ( b l x d l l ) T ( b 2 x d l 2 )  

where 

(2) 

~2R 
T u - 

~xz~xj 

R = (x z + y2 q_ Z2)1/2 

(3) 

(4) 

where 

x = c -  acos(d?) (5) 

y = a I-sin(0) - sin(d?)] + h (6) 

z = acos(0) 

~2 g y2 q_ Z 2 

~X 2 R 3 

~2 R X 2 + y2 

~y2 R 3 

a2R x 2 + y2 

~Z 2 R 3 

~2R - x y  

(7) 

(8) 

(9) 

(10) 

~x~y R 3 

~2R - x z  

~x~z  R 3 

(11) 

(12) 

~2R - yz 

Oyez a 3 
(13) 

and 

bl = (0,0, b) (14) 

b2 = (b, 0 ,0 )  (15) 

dlt = [ - sin(d?), cos(d?), 0] ad(d?) (16) 

dl 2 ~--~ [0,  --  Cos(O), sin(O)] ad(O) (17) 

SO 

( b l x d l , )  = bad(d?)[ - cos(qb), - sin(d?), 0] (18) 

( b 2 x d l 2 )  = bad(O)[O, - sin(0), - cos(0)] (19) 

(h lxh2)  = (0, b 2, 0) (20) 

(dllxdl2) = a2d(d?)d(O) [cos(d?)sin(O), sin(d?)sin(O), 

sin(r (21) 

For  our  case, where die Burger's vector and the line 
element on the circumference of the disc are or tho-  
gonal, the first term in the integrand is 

(b lxb2)(a6xa6)  = b2a2sin(qb)sin(O)d(qqd(O) (22) 

The second term in the integrand = 0. 
The third term in the integrand is given by 



(blxdi l )T(b2xdlz)  

b2a2d(@d(O)~ 
--* ~ k - cos(+), - s in (+) ,  0 ] |  

( -  xy) (x 2 + z 2) ( -  yz) | sin(0) 
( - x z )  ( - yz) ( x2 + y ~ ) _ l  cos(O)__l 

b2a2d(+)d(O) 
- R3 [cos(+)[ - xysin(0) - xzcos(0)] 

+ sin(+)[(x 2 + z2)sin(0) - yzcos(0)))] (23) 

This gives the terms for the interaction energy 

- ~a2b 2 ~ ~sin(+)sin(O)d(+)d(O) 
E12 -- 27~ J . )  R 

_~ P a2b2 C 
I 4 ~  

+ sin(+) [(x 2 + zZ)sin(0) - yzcos(0)]} d(+)d(O))/R 3 

(24) 

Substitution for x, y and z (given previously), and also 
substitutions for c and a will allow numerical integra- 
tion to be carried out. v was taken to be 0.33. Addi- 
tionally, if V is taken as rca2b, the interaction energy 
can be calculated for discs having a volume V. 

3.2. Parallel, but not necessarily coplanar, 
precipitates 

Here, the functions have the following form 

x = c + a [ c o s ( + 2 ) -  cos(+1)] + c (25) 

y = a[sin(+2) - sin(+1)] (26) 

z = h (27) 

( b l x b 2 ) ( d h x , l t 2 )  = 0 (28) 

so only the third term in the integrand applies. 
In similar manner to that for the calculation of 

orthogonal precipitates, the interaction energy for the 
system is obtained 

E12 - 4 ~  ---v) ({c~176 + z2) 

- xysin(+2)] + sin(+1) [ - xycos(02) 

+ (x 2 + z2)sin(+2)] }d(+l )d(+2))/R 3 (29) 

4. Numerical evaluation 
Our evaluation of interaction strain energies between 
two precipitates (discs) was carried out for different 
values of R; the numerical integration involved hold- 
ing this distance constant while moving one of the 
precipitates through an arc of 90 ~ with regard to the 
other. Once the calculations had been carried out for 
one value of R, the process was repeated for the next 
value. Proceeding in this manner allowed the invest- 
igation of the relative effects of both inter-precipitate 
distance variation and the variation of precipitate 
orientation relationships. This will be discussed in 
more detail later. 

4.1. Parallel precipitates 
The precipitate orientation was moved from e = 0 ~ 
which is the coplanar orientation (edge-edge) to 
0 = 90 ~ which is the coaxial orientation (face-face) 
(see Fig. 1); the results of the elastic strain interaction 
energy are given in Fig. 2. 

It is found that if the centre-centre distance is any 
less than 2R, the interaction energy is positive for all 
angles. As the precipitate centres become separated by 
2a (i.e. in the coplanar case they are touching), it is 
found that the interaction energy becomes strongly 
negative, and that for this distance between their re- 
spective centres, the energy minima coincides with the 
coplanar situation. 

As the precipitates are moved further apart, it is 
found that the position of the energy minima with 
regard to the respective centres shifts from a coplanar 
position at 2a to 0 = 20 ~ when the centre-centre dis- 
tance ~> 2.75a. (This is probably due to the positive 
interaction when any part of the precipitates overlap; 
this overlapping portion has strong positive interac- 
tion energy due to the face-face configuration). Al- 
though Perovic et al. [1, 2, 11] obtain an energy min- 
imum that coincides for coplanar precipitates at all 
separations, it is found not to be the case here. This 
may be due to Perovic et al. moving the precipitates 
parallel to one of the axes; this would have the effect of 
increasing or decreasing the centre-centre distance. In 
all probability, the actual variation in interaction en- 
ergy is clouded by the variation in centre centre 
distance between the precipitates as calculated by 
Perovic et al. Clearly, moving a precipitate along the 
z-axis will increase the inter-particle spacing, giving 
rise to a smaller magnitude of interaction energy, 
which would tend to indicate an energy minimum for 
the coplanar case. 

Bhathena et al. [31 invoke the existence of a solute 
gradient in order to explain the rafting of precipitates 
in a non-coplanar fashion; although the leaching of 
the stabilizer from the precipitate to the surrounding 
matrix is certainly a contributing factor for the dis- 
tance from the pre-existing precipitate of possible nu- 
cleation sites, in our view it is not the dominant one. 
This solute gradient stabilizes the cubic matrix phase 
in close proximity to the precipitate, requiring that 
another precipitate would have to nucleate some dis- 
tance from the pre-existing precipitate; it does not, 
however, give any idea of a favourable orientation. 
The nucleation site is decided by the minimization (or 
local minimization) of the interaction strain energy, 
with due regard to the local solute concentration. For 
parallel precipitates, this requires that one precipitate, 
in exclusion of interactions of all other precipitates bar 
the one in question, will nucleate at about 20 ~ to the 
precipitate plane. 

4.2. Orthogonal variants 
Precipitates may be orthogonal to each other in either 
a face-edge or edge-edge orientation. In order to do 
a complete evaluation of the effects of the orientation 
and distance between two orthogonal precipitates, we 
proceeded in the same manner as for the parallel 
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Figure 3 Schematic representation for the case of parallel precipi- 
tates. Angles are given by c = RCos0, h = Rsin0 where c is parallel 
to the x-axis and h is parallel to the z-axis. 

would more than compensate for the reduced negative 
interaction energy further away from the "edge-face" 
configuration (as is indicated where R = 5a). From 
a nucleation point of view, therefore, the precipitate 
will nucleate off the edge (i.e. 0 ~ ) of the pre-existing 
precipitate, at a distance where the local solute con- 
centration allows this to occur. 

Interestingly, the edge-edge orthogonal relation- 
ship is strongly repulsive (about half the face- 
face positive interaction energy), which would make 
this configuration energetically unfavourable, 
unless this occurred in the vicinity of another pre- 
cipitate in the edge-face position. A nearby precipitate 
in the edge-face position would allow two other 
precipitates to have an edge edge orientation to each 
other, provided the net interaction energy was 
negative. 
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Figure 4 Standardized interaction energy versus 0 for orthogonal 
precipitates. O = 0 ~ represents the edge-face orientation, 8 = 90 ~ 
represents the edge-edge orientation. R = (O) 2.25a, ([3) 2.5a, (A) 
2.75a, (W) 3a, (O) 4a, (O) 5a. 

variants, from 0 = 0 ~ representing the edge-face or- 
thogonal variants, to 0 = 9 0  ~ representing the 
edge-edge orthogonal orientation (see Fig. 3). The 
results of the numerical analysis for this orientation 
are given in Fig. 4. 

From Fig. 4, it is clear that when the precipitate 
centres are close together, the interaction energy min- 
imum is fairly broad, or degenerates, with regard to 
orientation away from the face-edge orientation 
(within approximately 50~ When further apart, the 
minimum is not so broad, and for R = 5a, the interac- 
tion energy graph passes through zero at about 45 ~ 
from the edge-face position, whereas for R = 2.25a, 
this angle is about 75 ~ . 

In all probability, this is due to precipitates in close 
proximity having one part of the precipitate in very 
close edge-face proximity to the other, which would 
give a very large negative interaction energy; this 
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5 .  D i s c u s s i o n  
The data indicate that the most energetically favour- 
able configuration is the edge-face orthogonal case. 
The edge-edge parallel case, while still energetically 
favourable, would be expected to occur less frequently 
than the edge-face orthogonal configuration due to 
the smaller magnitude of the interaction energy. Ex- 
perimentally, this is found to be the case, with parallel 
configurations only evident in the case of rafting of 
more than two precipitates, usually at an angle of 
about 20 ~ (see Fig. 5); a coplanar orientation is never 
evident. 

By far the predominant configuration observed 
is that of the edge-face orthogonal variants; the 
interaction energy for this case is very strong, and 
with large precipitates is assumed to be related to 
the observed faceting, as is evinced by alignment of 
the facet apex with the orthogonal variant E12] 
(see Fig. 6). 

Occasionally, precipitates are found in the face-face 
energetically unfavourable orientation. It is difficult to 
determine if this occurs where there are unseen (by 
TEM) edge-face orthogonal precipitates to the 
face-face precipitates, where the net contribution 
would be energetically favourable (see Fig. 7). What is 
clear here, however, is that there is strong strain- 
induced diffraction contrast in the matrix, giving 
a qualitative idea of the strong positive interaction 
energy between these precipitates. Orthogonal vari- 
ants in the edge-face orthogonal configuration do not 
generally show this strain contrast, despite having 
a larger net interaction energy; this is because the 
precipitates themselves appear to accommodate the 
strain interaction. 

With regard to Fig. 7, two further items of interest 
are indicated in the m. icrograph; these are labelled 
(a) and (b). The long precipitate observed in (a) 
can be seen to have many breaks along its length, 
probably due to the joining together of a raft 
of precipitates. Precipitate (b) appears to be the 
result of an intergrowth of two precipitates; the 
intergrowth area between the two precipitates is 
probably a result of a local solute deficiency. 



Figure 5 Transmission electron micrograph of tetragonal precipitates in CM-PSZ, showing the rafting common for parallel variants. 

Figure 6 Transmission electron micrograph of orthogonal edge-face precipitates. Note the accommodation of strain in the precipitates 
themselves, manifested as faceting on the face of the precipitate facing its orthogonal partner's edge. 
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Figure 7 Parallel precipitates in the face face configuration. There may be unseen precipitates in the plane of the micrograph which would 
reduce the net interaction energy. Note the strong strain contrast in the matrix. Regions marked (a) and (b) are discussed in the text. 
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